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Abstract: In the present work, a novel neuro-swarming based heuristic solver is established for
the numerical solutions of fourth order multi-singular nonlinear Emden-Fowler (FO-MS-NEF)
model by using the function estimate capability of artificial neural networks (ANNs) modelling
together with the global application of particle swarm optimization (PSO) enhanced by local search
active set (AS) approach, i.e., ANN-PSO-AS solver. The design stimulation for the ANN-PSOAS scheme for a numerical solver originates with an intention to present a viable, consistent and
precise configuration that associates the ANNs strength under the optimization of unified soft
computing backgrounds to tackle with such stimulating models for the FO-MS-NEF equation. The
proposed ANN-PSO-AS solver is applied for three different variants of FO-MS-NEF equations.
The comparison of the obtained results with the true solutions calmed its correctness, effectiveness,
and robustness that is further validated with in-depth statistical investigations.
Keywords: Multi-Singular; Fourth order Emden-Fowler model; Artificial neural networks;
Particle swarm; Active set scheme.
1. Introduction
The study nonlinear singular system governed with Emden–Fowler (EF) equation is considered to
be very significant due to its vast applications in relativistic mechanics, evolution of populations,
fluid mechanics, pattern construction and chemical reactor models [1-5]. The EF equation is
historical and famous because of the singularity at the origin. These types of singular equations
have been applied in the study of electromagnetic theory, oscillating magnetic fields, density state
of gaseous star, stellar structure, isothermal gas spheres, catalytic diffusion reactions,
electromagnetic theory, quantum/classical mechanics, and continuous isotropic media [6-12]. The
standard form of the second order EF equation is written as [13–14]:
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The equation (1) becomes the Lane–Emden (LE) model for h( ) = 1 and written as:
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where h( ) and g (U ) are the functions of  and U, respectively. The shape factor is denoted by
 . The objective of the present research is to treat the fourth order multi-singular nonlinear
Emden-Fowler (FO-MS-NEF) system numerically. The literature form of the FO-MS-NEF
equation is given as [15]:
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where g (U ) and h( ) are the functions of U and  , while the shape factors are 1 ,  2 and  3
. To find the solutions of the EF and LE models given in equations (1), (2) and (3) are not easy due
to singular points and only a few deterministic numerical techniques have been applied to solve
such models [16-19]. All these reported schemes have their individual perks, significance and
performance, as well as, limitations and demerits. Alongside, these conventional techniques,
numerical solvers used the heuristic computing schemes, which seems proficient and capable to
incorporate in the field of singular models by functioning the universal approximation competence
of artificial neural networks (ANNs) together with the optimization of local/global based search
schemes [20-25]. Few recent applications are Bratu type nonlinear systems [26], electrically
conducting solid models [27], financial market prediction models [28], Bagley-Torvik equations
in fluid dynamics [29], forecasting of summer precipitation [30], prey-predator models [31],
nonlinear reactive transport model representing the soft tissues dynamics [32], nonlinear stiff
singular systems governed with Thomas-Fermi model [33], singular periodic differential model
[34], nonlinear electric circuit system [35], nonlinear multi-singular nonlinear models [36], elliptic
partial differential equations [37], HIV infection model [38], nonlinear singular functional
differential model [39-40], corneal shape eye surgery model [41], heat conduction system in
human head [42], mosquito dispersal model [43], mathematical model of micropolar fluid flow
with thermal effects in a permeable walled channel [44] and nanotechnology [45]. Inspired from
these contributions, the authors presented the function approximation competence of artificial

neural network (ANN) modelling together with the global based optimization appliance of particle
swarm optimization (PSO) enhanced by a local search active set (AS) approach, i.e., ANN-PSOAS scheme. The prime characteristics of the proposed ANN-GA-AS scheme are concisely given
as:
•

An innovative application of integrated solver ANN-PSO-AS is designed for the numerical
results of the FO-MS-NEF model.

•

Closely matching outcomes of the proposed ANN-PSO-AS scheme from the reference
solutions for all examples of the FO-MS-NEF model based problems proven the worth and
value in terms of precision and convergence.

•

Verification of performance is endorsed from the statistical investigation on multiple trials
of ANN-PSO-AS using the performance metrics of Theil's Inequality Coefficient (TIC),
Variance Account For (VAF) and Nash Sutcliffe Efficiency (NSE).

•

Beside the reasonable precise results for nonlinear FO-MS-NEF system, easy
understanding, robustness, smooth operations, comprehensive applicability and stability
are other esteemed merits.

The rest parts of this work are ordered as follows: Section 2 describes the proposed methodology.
Section 3 shows the mathematical form of the statistical indices. Section 4 presents the detailed
results and discussions. The conclusion together with future research direction is reported in the
last Section.
2. Methodology
The proposed ANN-PSO-AS scheme is divided into two segments to show the numerical outcomes
of the FO-MS-NEF system.
•

Introduced a merit function using the differential model and corresponding initial
conditions.

•

The hybrid form of the designed ANN-PSO-AS scheme is presented.

2.1 ANN modeling
The structures for the ANNs have been proposed by many researchers to explain the
linear/nonlinear classifications arising in different application of potential significance [46-48].
The ANN feed-forward models used to approximate the results of continuous mappings along with
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where the respective weights are l = [l1 , l2 , l3 ,..., lm ], w = [ w1 , w2 , w3 ,..., wm ] and b = [b1 , b2 , b3 ,...bm ].
In order to find the solution of FO-MS-NEF model given in equation (3), an objective based error
function is defined as:

EFit = EFit −1 + EFit − 2 ,

(5)

where EFit −1 and E Fit − 2 are an unsupervised error functions associated to singular FO-MS-NEF
model and initial conditions given in equation (3) written as:
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where Nh = 1, Uˆ k = Uˆ ( k ) ,  k = kh and hk = h (  k ) , where As h shows the step size, Uˆ k = Uˆ ( k )
indicates the approximate solutions of U for the kth input grid point.
2.2. Optimization: ANN-PSO-AS scheme
The optimization technique to solve the FO-MS-NEF system given in equation (3) is developed
by the structure of hybrid-computing PSO-AS scheme.
PSO is a global search scheme and applied as an optimization process. It is an efficient approach
due to its tremendous features like decentralization, self-organization and collective behavior
based on swarm intelligence, and the inspiration comes from the biological system including bird

flocking, animal herding, ant colonies, fish schooling, hawks hunting and microbial intelligence.
PSO proposed by Kennedy et al in the last century and used as an alteration of a famous global
search genetic algorithm [49]. The implementation process of the PSO is very easy due to the less
memory requirements.
In the theory of search space, an applicant outcome by applying the optimization procedure is
known as a particle. In PSO scheme, the initial swarms expands in a wider domain. The refinement
 −1
 −1
of the PSO provides optimal iterative results PLB and PGB that indicates the swarm’s position
and velocity, mathematically given as:

X i = X i −1 + Vi −1 ,

(8)
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where Xi and Vi are the position and velocity,  represents the inertia vector. While, 1 and  2
are the values of the constant acceleration. PSO has wide-ranging applications in circuit theory
[50], parameter estimation for the generalized gamma distribution [51], nonlinear benchmark
model represented with system of nonlinear equations [52], bound-constrained nonlinear
optimization problems [53] and estimation problem of undrained shear strength of soil [54]. The
global search scheme PSO rapidly converges using the hybridization with an appropriate local
search scheme by taking the best PSO standards as a primary weight. Subsequently, an operative
local search technique based on active-set (AS) approach is applied for better refinement of the
outcomes accomplished by the proposed optimization scheme. Active set method determines the
local search space by limiting the constraints, which stimulus the final optimal results. The
efficient hybridization with the local search scheme reduces the complexity of the results due to
well-organized estimation of AS method. Recently, this method has been used in the optimization
of predictive control models [55], linearly constrained non-Lipschitz nonconvex optimization
tasks [56], optimization mechanism in pricing American better-off option on two assets [57],
nonlinear tasks associated with-monotone operators [58] and embedded model predictive control
problems [59]. In this research study, the hybrid of PSO-AS scheme is applied to solve the FOMS-NEF model given in equation (3). The detailed pseudocode is provided in Table 1 that is based
on ANN-PSO-AS scheme.
3. Performance measures
In this study, the statistical measures of Theil’s inequality coefficient (TIC), Variance Account for
(VAF) and Nash Sutcliffe Efficiency (NSE) are presented for solving three different variants of
FO-MS-NEF model. The mathematical symbolizations of these statistical based operators are
given as:
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Table 1: Method of optimization using the ANN-PSO-AS algorithm
Start of PSO
Step 1: ‘Initialization’: Produce the initial swarm arbitrarily. Modify
the ‘PSO’ parameters and
‘optimoptions’ routine.
Step 2: Formulation of Fitness: Examine the ‘fitness values’ of each
particle using equation (5).
Step 3: ‘Ranking’: Rank each particle for minimum values of ‘fit
function’.
Step 4: Terminating Standards: Stop if
‘Fitness level’ accomplished or to execute the selected ‘flights/cycles’
When ‘stopping’ standards meet, then go to Step 5
Step 5: ‘Renewal’: Using Equations (8) and (9), call the ‘position’ and
‘velocity’
Step 6: ‘Improvement’: Repeat from step (2)-(6) until the whole
‘flights’ are attained.
Step 7: ‘Storage’: Save the best achieved ‘fit values’, represented as
‘best global particle’
PSO algorithm Ends
Start the PSO-AS algorithm
Inputs: Best global values of the particle”
Output: WPSO-AS denotes the best values of the PSO-AS
algorithm
Initialize: Start point is WPSO (Global best values)
Termination: Stop if {Fitness= E Fit =10-18},{Iterations=1800},
{TolFun= TolX = TolCon = 10-21} and {MaxFunEvals = 280000} the above
standards obtained.
While {Terminate}
Fitness calculation: For the ‘fitness values’ E Fit , use the equation (5)
Adjustments: Invoke the routine of ‘fmincon’ for the AS scheme to adjust
the values of the ‘weight vector’.
Move to ‘fitness step’ using the ‘weight’s vector’ updated form.
Store: Save the WPSO-AS, generations, E Fit , time and function count for
the current trial.
PSO-AS algorithm Ends

4. Results and discussions

In this section, the detailed results and simulations are provided for solving the three different
variants based on FO-MS-NEF model.
Example-1: Consider a highly nonlinear FO-MS-NEF model-based equation is given as:
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The true solution of equation (13) is log 1 +  4 , while the corresponding objective function
becomes as:
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Example-2: Consider the FO-MS-NEF model-based equation is given as:

d 4U 12 d 3U 36 d 2U 24 dU
+
+
+
+ 60(3 8 − 18 4 + 7)U 9 = 0,
d 4  d 3  2 d 2  3 d
(15)

dU (0)
d 2U (0) d 3U (0)
U (0) =1,
= 0,
=
= 0.
d
d 2
d 3
The true solution of equation (15) is

1
1+ 4

, while the corresponding objective function becomes

as:

EFit

3 ˆ

d 2Uˆ k
dUˆ k
1 N  d 4Uˆ k
2 d Uk
=   k3
+
12

+
36

+
24
+ 60 m3 (3 m8 − 18 m4 + 7)Uˆ 9 
k
k
4
3
2
N k =1  d k
d k
d k
d k


 dUˆ   d 2Uˆ 0   d 3Uˆ 0 
1
+  (Uˆ 0 − 1) 2 +  0  + 
+

2 
4
d

d

d k3 
k 
k 




2

2

2


.



Example-3: Consider the FO-MS-NEF model-based equation is given as:
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The true/exact solution of the above equation (17) is (1 +  4 ) 4 and the corresponding objective
function becomes as:
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The proposed ANN-PSO-AS algorithm for fifty independent trials to achieve the system parameter
for the nonlinear FO-MS-NEF model given in equation (3). The set of the best weight is used to
indicate the obtained outcomes of the equation (3), mathematically written as:
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The performance of optimization is provided to solve the FO-MS-NEF model-based examples 13 using the hybrid of PSO-AS algorithm for 50 trials. A best weight sets and comparison of the
proposed/exact results of the FO-MS-NEF model-based examples 1-3 using the 10 number of
neurons are provided in Figure. 1. It is seen that the proposed and exact results matched for all the
examples, which shows the perfection and exactness of the proposed ANN-PSO-AS algorithm.
Figure 2 shows the AE values and performance investigations for the ANN-PSO-AS algorithm for
FO-MS-NEF equations 1-3. In Figure 2(a), the AE values for examples 1-3 are provided. It is
observed that the AE for problem 1 and 3 lie about 10-04 to 10-05, while in example 2, the AE lies
in the 10-04 to 10-06 interval. Figure 2(b) specifies the performance indices for all the examples
using Fitness, EVAF, TIC and ENSE. It is seen that for example 1-3, the fitness lie in the ranges
of 10-07 to 10-08. The TIC and EVAF gages for examples 1 and 3 are found to be 10-08 - 10-09, while
for problem 2, the TIC and EVAF gages values exist around 10-09 to 10-10. The ENSE for examples
1 and 2 closely lie 10-08 to 10-09 interval, while in 3rd example, the ENSE are close to 10-07.

Problem 1

Problem 2
Problem 3
Figure 1: Best weight sets and comparison of the proposed/exact solutions of the FO-MS-NEF model-

Values

based examples 1-3 using 10 numbers of neurons

(a)

(a) Values of the AE for examples 1-3

Values
(b)

(b) Performance investigations for examples 1-3

Figure 2: AE values and performance investigations using the ANN-PSO-AS algorithm to solve
the FO-MS-NEF examples 1-3
In figures 3 to 6, the convergence measures based on the values of the fitness, TIC, ENSE and
EVAF attained for a number of independent trials along with the values of histogram and boxplots
for the examples 1-3 are plotted. The outcomes are found to be satisfactory and one can see that
almost 75% of the trials achieve accurate and precise values of the Fitness, TIC, ENSE and EVAF.

(a)

Values of the Fitness in convergence analysis for examples 1-3

(b) Histogram of example 1

(c) Histogram of example 2

(d) Histogram of example 3

(e) Boxplot of example 1

(f) Boxplot of example 2

(g) Boxplot of example 3

Figure 3: Statistical studies for the ANN-PSO-AS scheme via Fitness along with the boxplots
and histograms to solve the FO-MS-NEF model-based examples 1-3

(a)

Values of the TIC in convergence analysis for examples 1-3

(b) Histogram of example 1

(c) Histogram of example 2

(d) Histogram of example 3

(e) Boxplot of example 1

(f) Boxplot of example 2

(g) Boxplot of example 3

Figure 4: Statistical studies for the designed ANN-PSO-AS scheme via TIC along with the
boxplots and histograms to solve the FO-MS-NEF model-based examples 1-3

(a)

Values of the ENSE in convergence analysis for examples 1-3

(b) Histogram of example 1

(c) Histogram of example-2

(d) Histogram of example 3

(e) Boxplot of example-1

(f) Boxplot of example 2

(g) Boxplot of example 3

Figure 5: Statistical studies for the designed ANN-PSO-AS scheme via ENSE for the boxplots
and histograms to solve the FO-MS-NEF model-based examples 1-3

(a)

Values of the EVAF in convergence analysis for examples 1-3

(b) Histogram of example 1

(c) Histogram of example 2

(d) Histogram of example 3

(e) Boxplot of example 1

(f) Boxplot of example 2

(g) Boxplot of example 3

Figure 6: Statistical studies for the designed ANN-PSO-AS scheme via EVAF for the boxplots
and histograms to solve the FO-MS-NEF model-based examples 1-3
In order to find the statistical investigations using the ANN-PSO-AS algorithm to solve the FOMS-NEF model based examples 1-3, statistical procedures are performed for 50 independent trials
in terms of minimum (Min), Mean, median (Med) and semi interquartile range (SI-R). The
mathematical notations of SI-R is 0.5 ( Q3 − Q1 ) , where the first and third quartiles are Q1 and Q3 ,
respectively. The statistic investigations based on the operators Min, Mean, Med and SI-R are
provided in Table 2 to solve the FO-MS-NEF. These statistical values for all the operators for the
examples 1-3 are found to be satisfactory, which indicates the correctness and precision of the
ANN-PSO-AS algorithm.

Table 2: Statistics solutions for the FO-MS-NEF model-based Examples 1-3


Min

[Example 1]
Mean Med

SI-R

Min

[Example 2]
Mean Med

SI-R

Min

[Example 3]
Mean Med

SI-R

0 1.92E-05 9.82E-02 6.38E-03 8.52E-03 5.41E-06 1.31E-01 3.46E-03 2.33E-02 1.01E-04 5.29E-01 5.86E-03 1.25E-02
0.1 1.74E-05 9.82E-02 6.38E-03 8.43E-03 1.60E-05 1.31E-01 3.48E-03 2.32E-02 1.05E-04 5.35E-01 5.98E-03 1.28E-02
0.2 1.78E-05 9.79E-02 6.34E-03 8.30E-03 1.10E-05 1.31E-01 3.47E-03 2.31E-02 9.21E-05 5.44E-01 6.08E-03 1.30E-02

0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

2.00E-05 9.70E-02 6.16E-03 8.05E-03 1.20E-05 1.30E-01 3.38E-03 2.25E-02 7.86E-05 5.59E-01 6.07E-03 1.31E-02
2.85E-06 9.48E-02 5.70E-03 7.37E-03 1.18E-05 1.28E-01 3.12E-03 2.11E-02 6.22E-05 5.79E-01 5.83E-03 1.27E-02
1.31E-05 9.04E-02 4.75E-03 6.06E-03 1.06E-05 1.24E-01 2.60E-03 1.81E-02 4.06E-05 6.02E-01 5.19E-03 1.15E-02
2.50E-06 8.30E-02 3.10E-03 3.95E-03 7.90E-06 1.18E-01 1.75E-03 1.33E-02 1.17E-05 6.29E-01 3.96E-03 9.32E-03
2.38E-05 7.21E-02 6.25E-04 7.35E-04 3.80E-06 1.09E-01 5.77E-04 6.54E-03 1.59E-05 6.57E-01 1.87E-03 5.84E-03
1.36E-05 6.36E-02 1.84E-03 3.79E-03 1.48E-06 9.91E-02 8.46E-04 1.82E-03 8.55E-06 6.88E-01 5.55E-04 1.07E-03
9.25E-06 5.64E-02 6.43E-03 1.01E-02 7.44E-06 9.53E-02 2.40E-03 1.12E-02 8.50E-05 7.24E-01 4.25E-03 4.81E-03
2.61E-05 5.42E-02 1.16E-02 1.62E-02 1.37E-05 9.23E-02 4.00E-03 2.10E-02 1.80E-04 7.64E-01 8.66E-03 1.25E-02

5. Conclusion
The present work is to investigate the numerical outcomes of the multi-singular fourth order
nonlinear Emden-Fowler equations using an accurate, steady, stable, reliable and consistent by
functioning the ANNs strength with continuous mapping. An objective function is optimized by
applying the local and global abilities of particle swarm optimization along with the active-set
algorithm. The proposed ANN-PSO-AS scheme is executed to solve three different problems of
the multi-singular fourth order nonlinear Emden-Fowler equations. The accurate and reliable
performance is experiential for ANN-PSO-AS scheme on the basis of absolute error with
dependable accuracy, which is observed around 5 to 6 decimals of accurateness from the current
exact/true results for all the problems of the nonlinear multi-singular fourth order Emden-Fowler
equations. Furthermore, the statistical explanations are also considering using Min, Mean, Med,
and SI-R procedures to authenticate the convergence, robustness and accuracy of the designed
ANN-PSO-AS algorithm to solve the nonlinear fourth order multi-singular Emden-Fowler model.
It is observed that a reliable values have been calculated using these procedures.
One may investigate to extend the presented ANN-PSO-AS approach with the introduction of
fractional neural networks [60-63], fractional evolutionary/swarming optimization [65-70]
mechanism or combination of the both for solving the nonlinear higher order systems [71-73].
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