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Abstract

iNetworks iplay an iimportant role in ielectrical and ielectronic iengineering. It idepends on iwhat
iarea of ielectrical and ielectronic iengineering, for iexample ithere is a ilot more iabstract imathematics
in icommunication itheory and isignal processing and inetworking etc. iNetworks iinvolve inodes com-
municating with ieach other. iGraph itheory has ifound a iconsiderable iuse in ithis iarea of research. A
itopological iindex is a ireal inumber iassociated with ichemical iconstitution ipurporting for icorrelation
of ichemical inetworks with ivarious iphysical iproperties, ichemical ireactivity. The iconcept of ihyper
iZagreb index, ifirst imultiple iZagreb iindex, isecond imultiple iZagreb iindex and iZagreb ipolynomials
iwere iestablished in ichemical igraph itheory based oni ivertex idegrees. In this paper, we extendi this
istudy to iinterconnection inetworks and derive analytical closed resultsi of ihyper iZagreb iindex, ifirst
imultiple iZagreb index, isecond imultiple iZagreb iindex and Zagreb polynomials ifor iblock shifti network
(BSN − 1) and (BSN − 2), iHierarchical ihypercube (HHC − 1) and (HHC − 2).

Keywords: Hyper-iZagreb iindex, ifirst imultiple iZagreb iindex, iSecond imultiple iZagreb index, iZagreb
ipolynomials, iblock ishift inetworks, iHierarchical iinterconnection networks.
Mathematics Subject Classification: 05C12, 05C90

1 Introduction

Multiprocessori interconnectioni inetworks iare ioften irequired to iconnect ithousands of ihomogeneously
ireplicated iprocessor-memory ipairs, ieach of iwhich is icalled a iprocessing inode. Insteadi of iusing a
ishared imemory, alli synchronizationi and icommunication ibetween iprocessing inodes for iprogram execu-
tioni is ofteni done via messagei ipassing. Designi and use of imultiprocessor iinterconnection inetworks have
irecently idrawn iconsiderable iattention idue to the iavailability of iinexpensive, ipowerful imicroprocessors
and imemory ichips. The imesh inetworks ihave been irecognized as iversatile iinterconnection inetworks for
imassively iparallel icomputing. iMesh/torus-like ilow-dimensional inetworks have irecently ireceived a ilot
of iattention for itheir ibetter iscalability to ilarger inetworks, as iopposed to imore icomplex inetworks such
as ihypercubes. In iparticular the ifailure of icooperation on idependent inetworks has beeni istudied a ilot
irecently in [11, 13, 14, 16].
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Ai inumber of iHierarchical iInterconnection inetwork(HIN) iprovide a iframework for idesigning inetworks
with ireduced ilink icost by idesigning inetworks with ireduced ilink icost by itaking iadvantage iof the lo-
cality of communication that exist in parallel applications. HIN employ imultiple ilevel. iLower ilevel
inetwork iprovide ilocal icommunication iwhile ihigher ilevel inetworks ifacilitate iremote icommunication.
The imultistage networksi ihave ilong ibeen iused as icommunication inetworks for iparallel icomputing [22].
The itopological iproperties of icertain inetworks are istudied in [20]. Moleculesi and imolecular icompounds
are ioften imodeled by imolecular igraphs. A imolecular igraph is a graphi in iwhich ivertices arei iatoms of
a given imolecule and iedges are itsi ichemical ibonds. Sincei the valencyi of icarbon is ifour, it is inatural
to iconsider iall igraphs with imaximum idegree ≤ 4, as a molecular igraph. A igraph G(V,E) with ivertex
iset V and iedge iset E is iconnected, if ithere iexists a connection ibetween any ipair of ivertices in G. A
network is simply a connected graph having no imultiple iedges and no loops. Throughout in ithis iarticle,
the idegree of a ivertex v ∈ V (G), idenoted by deg(v), is the inumber of iedges iincident to v.

A itopological iindex is a numeric quantity iassociated with a igraph iwhich icharacterize the itopology of
igraph and is iinvariant under igraph iautomorphism. In more iprecise way, a itopological iindex Top(G) of
a igraph G, is a inumber with the iproperty that for ievery igraph H iisomorphic to igraph G, Top(H) =
Top(G). The iconcept of itopological iindex came from iwork done by iWiener [30] while he was iworking
on iboiling ipoint of iparaffin. He inamed this iindex as ipath inumber. Lateri on, the ipath numberi was
irenamed as Wiener iindex. The iWiener iindex is the ifirst and the imost istudied itopological iindex, both
ifrom itheoretical ipoint of iview and iapplications, and idefined as the isum of idistances ibetween iall ipairs
of ivertices in G, see for idetails [7, 15].

Onei of the oldesti itopological iindex is the ifirst iZagreb iindex iintroduced by I. Gutman and N. iTrinajstic
ibased on idegree of ivertices of G in 1972 [14]. The ifirst and isecond iZagreb iindices of a igraph G are
idefined as:

””M1(G) =
∑

iuv∈E(G)

[ideg(u) + ideg(v)]”” (1)

””M2(G) =
∑

iuv∈E(G)

[ideg(u)× ideg(v)]”” (2)

In 2013, G. H. Shirdel, H. R. Pour and A. M. Sayadi [29] introduced a new degree based of Zagreb index
named “ hyper Zagreb index” as

””HM(G) =
∑

iuv∈E(G)

[
ideg(u) + ideg(v)

]2
”” (3)

M. iGhorbani and N. Azimi idefined itwo inew iversions of iZagreb iindices of a igraph G in 2012 [11]. iThese
iindices are ithe ifirst imultiple iZagreb iindex PM1(G) and the isecond imultiple iZagreb iindex PM2(G)
and these iindices are idefined as:

””PM1(G) =
∏

iuv∈E(G)

[ideg(u) + ideg(v)]”” (4)

””PM2(G) =
∏

iuv∈E(G)

[ideg(u)× ideg(v)]”” (5)

The iproperties of PM1(G) and PM2(G) iindices for isome ichemical istructures ihave ibeen istudied in
[8, 11].
The ifirst iZagrebi Polynomial M1(G, x) and the isecond iZagreb ipolynomial M2(G, x) are idefined as:

””M1(G, x) =
∑

iuv∈E(G)

x[ideg(u)+ideg(v)]”” (6)

””M2(G, x) =
∑

iuv∈E(G)

x[ideg(u)×ideg(v)]”” (7)
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The iproperties of iZagreb ipolynomials ifor isome ichemical istructures vhave ibeen studied in [13].
””Ranjini et al. [26] reclassified the Zagreb indices to be specific the re-imagined in the first place, second
and third Zagreb indices for a graph G as;””

””ReZG1(G) =
∑

uv∈E(G)

ideg(u) + ideg(v)

ideg(u)× ideg(v)
”” (8)

””ReZG2(G) =
∑

uv∈E(G)

ideg(u)× ideg(v)

ideg(u) + ideg(v)
”” (9)

””ReZG3(G) =
∑

uv∈E(G)

[ideg(u)× ideg(v)][ideg(u)× ideg(v)]”” (10)

iNowadays there is ian extensive iresearch iactivity on HM(G), PM1(G), PM2(G) iindices and M1(G, x),
M2(G, x) ipolynomials iand itheir ivariants, see also [14, 17, 29, 19].
For ifurther istudy of itopological iindices of ivarious igraph families, see [1, 2, 3, 4, 5, 6, 9, 10, 12, 15, 19, 20,
21, 23, 24, 25, 27, 28].

2 Methods

””For the calculation of our outcomes, we used a methodology for combinatorial enlisting, a vertex segment
procedure, an edge parcel procedure, diagram theoretical instruments, logical frameworks, a degree-tallying
technique, and a degrees of neighbors system. Also, we utilized Matlab for logical estimations and affirma-
tions. We moreover used Maple for plotting numerical outcomes.””

3 Results for Block Shift Network (BSN − 1)n×n

In ithis isection, we icompute icertain idegree ibased itopological iindices ofiblock ishift inetwork (BSN). The
ifirst iZagreb iindex M1(G) for Hierarchical iinterconnection inetworks is icomputed by Haider et al in [18].
iWe icompute isecond iZagreb index, ihyper iZagreb iindex HM(G), first multiple Zagreb index PM1(G),
isecond imultiple iZagreb index PM2(G) and iZagreb ipolynomials M1(G, x), M2(G, x) for (BSN − 1)n×n.

Let G be a iblock ishift inetwork. The inumber of ivertices and iedges in (BSN−1)n×n are 16n2 and 24n2−2
irespectively. There are two itypes of iedges in (BSN − 1)n×n based on idegrees of iend ivertices iof ieach
iedge. The iedge iset of (BSN − 1)n×n can be divided into itwo ipartitions ibased on the idegree of iend
ivertices. The ifirst iedge ipartition E1((BSN−1)n×n) icontains 8 iedges uv, iwhere ideg(u) = 2, ideg(v) = 3.
The isecond iedge ipartition E2((BSN − 1)n×n) icontains 24n2 − 10 iedges uv, where ideg(u) = ideg(v) = 3.

• The first and second Zagreb indices of (BSN − 1)n×n
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(a) (b)

Figure 1: (a) block shift network (BSN − 1)3×3 (b) block shift network (BSN − 2)1×1.

Now using equations (1),(2), we have

M1((BSN − 1)n×n) =
∑

iuv∈E((BSN−1)n×n)

[ideg(u) + ideg(v)]

M1((BSN − 1)n×n) =
∑

iuv∈E1((BSN−1)n×n)

[
ideg(u) + ideg(v)

]
+

∑
iuv∈E2((BSN−1)n×n)

[
ideg(u) + ideg(v)

]
= 5|E1((BSN − 1)n×n)|+ 6|E2((BSN − 1)n×n)| = 5(8) + 6(24n2 − 10)

= 144n2 − 20

M2((BSN − 1)n×n) =
∑

iuv∈E((BSN−1)n×n)

[ideg(u)× ideg(v)]

M2((BSN − 1)n×n) =
∑

iuv∈E1((BSN−1)n×n)

[
ideg(u)× ideg(v)

]
+

∑
iuv∈E2((BSN−1)n×n)

[
ideg(u)× ideg(v)

]
= 6|E1((BSN − 1)n×n)|+ 9|E2((BSN − 1)n×n)| = 6(8) + 9(24n2 − 10)

= 216n2 − 42

• Hyper Zagreb index of (BSN − 1)n×n
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””The Hyper Zagreb index using Equations (3)is computed as:””

HM(G) =
∑

iuv∈E(G)

[
ideg(u) + ideg(v)

]2
HM((BSN − 1)n×n) =

∑
iuv∈E1((BSN−1)n×n)

[
ideg(u) + ideg(v)

]2
+

∑
iuv∈E2((BSN−1)n×n)

[
ideg(u) + ideg(v)

]2
= 52|E1((BSN − 1)n×n)|+ 62|E2((BSN − 1)n×n)| = 25(8) + 36(24n2 − 10)

= 864n2 − 160

• Multiple Zagreb indices of (BSN − 1)n×n

””The Multiple-Zagreb indices using Equations (4), (5) are computed as:””

PM1(G) =
∏

iuv∈E(G)

[ideg(u) + ideg(v)]

PM1((BSN − 1)n×n) =
∏

iuv∈E1((BSN−1)n×n)

[
ideg(u) + ideg(v)

]
×

∏
iuv∈E2((BSN−1)n×n)

[
ideg(u) + ideg(v)

]
= 5|E1((BSN−1)n×n)| × 6|E2((BSN−1)n×n)| = 58 × 6(24n

2−10)

PM2(G) =
∏

iuv∈E(G)

[ideg(u)× ideg(v)]

PM2((BSN − 1)n×n) =
∏

iuv∈E1((BSN−1)n×n)

[
ideg(u)× ideg(v)

]
×

∏
iuv∈E2((BSN−1)n×n)

[
ideg(u)× ideg(v)

]
= 6|E1((BSN−1)n×n)| × 9|E2((BSN−1)n×n)| = 66 × 9(24n

2−10)

• The first and second Zagreb polynomials of (BSN − 1)n×n

Now using equations (6),(7), we have

M1(G, x) =
∑

iuv∈E(G)

x[ideg(u)+ideg(v)]

M1((BSN − 1)n×n, x) =
∑

iuv∈E1((BSN−1)n×n)

x[ideg(u)+ideg(v)] +
∑

iuv∈E2((BSN−1)n×n)

x[ideg(u)+ideg(v)]

=
∑

iuv∈E1((BSN−1)n×n)

x5 +
∑

iuv∈E2((BSN−1)n×n)

x6

= |E1((BSN − 1)n×n)|x5 + |E2((BSN − 1)n×n)|x6 = 8x5 + (24n2 − 10)x6

M2(G, x) =
∑

iuv∈E(G)

x[ideg(u)×ideg(v)]

M2((BSN − 1)n×n, x) =
∑

iuv∈E1((BSN−1)n×n)

x[ideg(u)×ideg(v)] +
∑

iuv∈E2((BSN−1)n×n)

x[ideg(u)×ideg(v)]

=
∑

iuv∈E1((BSN−1)n×n)

x6 +
∑

iuv∈E2((BSN−1)n×n)

x9

= |E1((BSN − 1)n×n)|x6 + |E2((BSN − 1)n×n)|x9 = 8x6 + (24n2 − 10)x9
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• The redefine first, second, and third Zegreb index of (BSN − 1)n×n

”” Now Using the Edge partition of ithe iblock ishift inetwork (BSN − 1)n×n, we have:””

””ReZG1(G) =
∑

uv∈E(G)

deg(u) + deg(v)

deg(u)× deg(v)

=
∑

uv∈E1(G)

deg(u) + deg(v)

deg(u)× deg(v)
+

∑
uv∈E2(G)

deg(u) + deg(v)

deg(u)× deg(v)

= 8
(2 + 3

2× 3

)
+ (24n2 − 10)

(3 + 3

3× 3

)
=

48n2

3

””By using Equations (9), the second redefine Zagreb index is computed as below:””

””ReZG2(G) =
∑

uv∈E(G)

deg(u)× deg(v)

deg(u) + deg(v)

=
∑

ab∈E1(G)

deg(u)× deg(v)

deg(u) + deg(v)
+

∑
ab∈E2(G)

deg(u)× deg(v)

deg(u) + deg(v)

= 8
(2× 3

2 + 3

)
+ (24n2 − 10)

(3× 3

3 + 3

)
=

48

5
+ 36n2 − 15

””Now by using Equations (10), the third redefine Zagreb index is computed as:””

””ReZG3(G) =
∑

uv∈E(G)

[ideg(u)× ideg(v)][ideg(u)× ideg(v)]””

=
∑

uv∈E1(G)

[ideg(u)× ideg(v)][ideg(u)× ideg(v)]

+
∑

uv∈E2(G)

[ideg(u)× ideg(v)][ideg(u)× ideg(v)]””

= 8
(

(2× 3)× (2 + 3)
)

+ (24n2 − 10)
(

(3× 3)× (3 + 3)
)

= 1296n2 − 300

4 Results for Block Shift Network (BSN − 2)n×n

The inumber of ivertices and iedges in (BSN − 2)n×n are 16n2 and 32n2 − 2 irespectively. Therei are itwo
itypes of iedges in (BSN − 2)n×n based on idegrees of iend iverticesi ofi each iedge. The iedge iset of
(BSN − 2)n×n ican bei divided iinto itwo ipartitions ibased on the idegree of iend ivertices. The ifirst iedge
ipartition E1((BSN − 2)n×n) icontains 12 iedges uv, where ideg(u) = 3, ideg(v) = 4. The isecond iedge
ipartition E2((BSN − 2)n×n) icontains 32n2 − 14 iedges uv, iwhere ideg(u) = ideg(v) = 4.
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• The first and second Zagreb indices of (BSN − 2)n×n

Now using equations (1),(2), we have

M1((BSN − 2)n×n) =
∑

iuv∈E((BSN−2)n×n)

[ideg(u) + ideg(v)]

M1((BSN − 2)n×n) =
∑

iuv∈E1((BSN−2)n×n)

[
ideg(u) + ideg(v)

]
+

∑
iuv∈E2((BSN−2)n×n)

[
ideg(u) + ideg(v)

]
= 7|E1((BSN − 2)n×n)|+ 8|E2((BSN − 2)n×n)| = 7(12) + 8(32n2 − 14)

= 512n2 + 12

M2((BSN − 2)n×n) =
∑

iuv∈E((BSN−2)n×n)

[ideg(u)× ideg(v)]

M2((BSN − 2)n×n) =
∑

iuv∈E1((BSN−2)n×n)

[
ideg(u)× ideg(v)

]
+

∑
iuv∈E2((BSN−2)n×n)

[
ideg(u)× ideg(v)

]
= 12|E1((BSN − 2)n×n)|+ 16|E2((BSN − 2)n×n)| = 12(12) + 16(32n2 − 14)

= 512n2 − 80

• Hyper Zagreb index of (BSN − 2)n×n

””The Hyper Zagreb index using Equations (3)is computed as:””

HM(G) =
∑

iuv∈E(G)

[
ideg(u) + ideg(v)

]2
HM((BSN − 2)n×n) =

∑
iuv∈E1((BSN−2)n×n)

[
ideg(u) + ideg(v)

]2
+

∑
iuv∈E2((BSN−2)n×n)

[
ideg(u) + ideg(v)

]2
= 72|E1((BSN − 2)n×n)|+ 82|E2((BSN − 2)n×n)| = 49(12) + 64(32n2 − 14)

= 2048n2 − 308

• Multiple Zagreb indices of (BSN − 2)n×n

””The Multiple-Zagreb indices using Equations (4), (5) are computed as:””

PM1(G) =
∏

iuv∈E(G)

[ideg(u) + ideg(v)]

PM1((BSN − 2)n×n) =
∏

iuv∈E1((BSN−2)n×n)

[
ideg(u) + ideg(v)

]
×

∏
iuv∈E2((BSN−2)n×n)

[
ideg(u) + ideg(v)

]
= 7|E1((BSN−2)n×n)| × 8|E2((BSN−2)n×n)| = 712 × 8(32n

2−14)

PM2(G) =
∏

iuv∈E(G)

[ideg(u)× ideg(v)]

PM2((BSN − 2)n×n) =
∏

iuv∈E1((BSN−2)n×n)

[
ideg(u)× ideg(v)

]
×

∏
iuv∈E2((BSN−2)n×n)

[
ideg(u)× ideg(v)

]
= 12|E1((BSN−2)n×n)| × 16|E2((BSN−2)n×n)| = 1212 × 16(32n

2−14)
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• The first and second Zagreb polynomials of (BSN − 2)n×n

Now using equations (6),(7), we have

M1(G, x) =
∑

iuv∈E(G)

x[ideg(u)+ideg(v)]

M1((BSN − 2)n×n, x) =
∑

iuv∈E1((BSN−2)n×n)

x[ideg(u)+ideg(v)] +
∑

iuv∈E2((BSN−2)n×n)

x[ideg(u)+ideg(v)]

=
∑

iuv∈E1((BSN−2)n×n)

x7 +
∑

iuv∈E2((BSN−2)n×n)

x8

= |E1((BSN − 2)n×n)|x7 + |E2((BSN − 2)n×n)|x8 = 12x7 + (32n2 − 14)x8

M2(G, x) =
∑

iuv∈E(G)

x[ideg(u)×ideg(v)]

M2((BSN − 2)n×n, x) =
∑

iuv∈E1((BSN−2)n×n)

x[ideg(u)×ideg(v)] +
∑

iuv∈E2((BSN−2)n×n)

x[ideg(u)×ideg(v)]

=
∑

iuv∈E1((BSN−2)n×n)

x12 +
∑

iuv∈E2((BSN−2)n×n)

x16

= |E1((BSN − 2)n×n)|x12 + |E2((BSN − 2)n×n)|x16 = 12x12 + (32n2 − 14)x16

• The redefine first, second, and third Zegreb index of (BSN − 2)n×n

”” Now using the using Equation (8)and the edge partition of ithe iblock ishift inetwork (BSN − 2)n×n, we
have:””

””ReZG1(G) =
∑

uv∈E(G)

deg(u) + deg(v)

deg(u)× deg(v)

=
∑

ab∈E1(G)

deg(u) + deg(v)

deg(u)× deg(v)
+

∑
ab∈E2(G)

deg(u) + deg(v)

deg(u)× deg(v)

= 12
(3 + 4

3× 4

)
+ (32n2 − 14)

(4 + 4

4× 4

)
= 16n2

””By using Equation (9), the second redefine Zagreb index is computed as below:””

””ReZG2(G) =
∑

uv∈E(G)

deg(u)× deg(v)

deg(u) + deg(v)

=
∑

uv∈E1(G)

deg(u)× deg(v)

deg(u) + deg(v)
+

∑
uv∈E2(G)

deg(u)× deg(v)

deg(u) + deg(v)

= 12
(3× 4

3 + 4

)
+ (32n2 − 14)

(4× 4

4 + 4

)
=

144

7
+ 64n2 − 58
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””Now by using Equations (10), the third redefine Zagreb index is computed as:””

””ReZG3(G) =
∑

uv∈E(G)

[ideg(u)× ideg(v)][ideg(u)× ideg(v)]””

=
∑

uv∈E1(G)

[ideg(u)× ideg(v)][ideg(u)× ideg(v)]

+
∑

uv∈E2(G)

[ideg(u)× ideg(v)][ideg(u)× ideg(v)]””

= 12
(

(3× 4)× (3 + 4)
)

+ (32n2 − 14)
(

(4× 4)× (4 + 4)
)

= 4096n2 − 2800

5 Results for Hierarchical Hypercube Network (HHC − 1)n×n

In ithis isection, we icompute icertain idegree ibased itopological iindices of iHierarchical iinterconnection
inetworks. The ifirst iZagreb iindex M1(G) for iHierarchical iinterconnection inetworks is icomputed by
iHaider et al in [18]. We icompute isecond iZagreb iindex, ihyper iZagreb iindex HM(G), ifirst imultiple
iZagreb iindex PM1(G), isecond imultiple Zagreb index PM2(G) and iZagreb ipolynomialsM1(G, x), M2(G, x)
for iHierarchical iHypercube inetwork (HHC−1)n×n and iHierarchical iHypercube inetwork (HHC−2)n×n.

Figure 2: (a) Hierarchical Hypercube network (HHC − 1)1×1 (b) Hierarchical Hypercube network (HHC −
2)1×1.

The inumber of ivertices and iedges in (HHC − 1)n×n are 16n + 16 and 24n + 20 irespectively. There are
itwo itypes of iedges in (HHC − 1)n×n ibased on idegrees of end ivertices of ieach iedge. The iedge iset of
(HHC − 1)n×n can be idivided into itwo ipartitions ibased ion the idegree iof iend ivertices. The ifirst iedge
ipartition E1((HHC − 1)n×n) icontains 16 iedges uv, where ideg(u) = 2, ideg(v) = 3. The isecond iedge
ipartition E2((HHC − 1)n×n) contains 24n+ 4 iedges uv, where ideg(u) = ideg(v) = 3.

• The first and second Zagreb indices of (HHC − 1)n×n

9



Now using equations (1),(2), we have

M1((HHC − 1)n×n) =
∑

iuv∈E((HHC−1)n×n)

[ideg(u) + ideg(v)]

M1((HHC − 1)n×n) =
∑

iuv∈E1((HHC−1)n×n)

[
ideg(u) + ideg(v)

]
+

∑
iuv∈E2((HHC−1)n×n)

[
ideg(u) + ideg(v)

]
= 5|E1((HHC − 1)n×n)|+ 6|E2((HHC − 1)n×n)| = 5(16) + 6(24n+ 4)

= 216n+ 104

M2((HHC − 1)n×n) =
∑

iuv∈E((HHC−1)n×n)

[ideg(u)× ideg(v)]

M2((HHC − 1)n×n) =
∑

iuv∈E1((HHC−1)n×n)

[
ideg(u)× ideg(v)

]
+

∑
iuv∈E2((HHC−1)n×n)

[
ideg(u)× ideg(v)

]
= 6|E1((HHC − 1)n×n)|+ 9|E2((HHC − 1)n×n)| = 6(16) + 9(24n+ 4)

= 216n+ 132

• Hyper Zagreb index of (BSN − 2)n×n

””The Hyper Zagreb index using Equations (3)is computed as:””

HM(G) =
∑

iuv∈E(G)

[
ideg(u) + ideg(v)

]2
HM((HHC − 1)n×n) =

∑
iuv∈E1((HHC−1)n×n)

[
ideg(u) + ideg(v)

]2
+

∑
iuv∈E2((HHC−1)n×n)

[
ideg(u) + ideg(v)

]2
= 52|E1((HHC − 1)n×n)|+ 62|E2((HHC − 1)n×n)| = 25(16) + 36(24n+ 4)

= 864n+ 544

• Multiple Zagreb indices of (BSN − 2)n×n

””The Multiple-Zagreb indices using Equations (4), (5) are computed as:””

PM1(G) =
∏

iuv∈E(G)

[ideg(u) + ideg(v)]

PM1((HHC − 1)n×n) =
∏

iuv∈E1((HHC−1)n×n)

[
ideg(u) + ideg(v)

]
×

∏
iuv∈E2((HHC−1)n×n)

[
ideg(u) + ideg(v)

]
= 5|E1((HHC−1)n×n)| × 6|E2((HHC−1)n×n)| = 516 × 6(24n+4)

PM2(G) =
∏

iuv∈E(G)

[ideg(u)× ideg(v)]

PM2((HHC − 1)n×n) =
∏

iuv∈E1((HHC−1)n×n)

[
ideg(u)× ideg(v)

]
×

∏
iuv∈E2((HHC−1)n×n)

[
ideg(u)× ideg(v)

]
= 6|E1((HHC−1)n×n)| × 9|E2((HHC−1)n×n)| = 616 × 9(24n+4)

• The first and second Zagreb polynomials of (BSN − 2)n×n

10



Now using equations (6),(7), we have

M1(G, x) =
∑

iuv∈E(G)

x[ideg(u)+ideg(v)]

M1((HHC − 1)n×n, x) =
∑

iuv∈E1((HHC−1)n×n)

x[ideg(u)+ideg(v)] +
∑

iuv∈E2((HHC−1)n×n)

x[ideg(u)+ideg(v)]

=
∑

iuv∈E1((HHC−1)n×n)

x5 +
∑

iuv∈E2((HHC−1)n×n)

x6

= |E1((HHC − 1)n×n)|x5 + |E2((HHC − 1)n×n)|x6 = 16x5 + (24n+ 4)x6

M2(G, x) =
∑

iuv∈E(G)

x[ideg(u)×ideg(v)]

M2((HHC − 1)n×n, x) =
∑

iuv∈E1((HHC−1)n×n)

x[ideg(u)×ideg(v)] +
∑

iuv∈E2((HHC−1)n×n)

x[ideg(u)×ideg(v)]

=
∑

iuv∈E1((HHC−1)n×n)

x6 +
∑

iuv∈E2((HHC−1)n×n)

x9

= |E1((HHC − 1)n×n)|x6 + |E2((HHC − 1)n×n)|x9 = 16x6 + (24n+ 4)x9

• The redefine first, second, and third Zegreb index of (HHC − 1)n×n

”” Now using the using Equation (8)and the edge partition of ithe iblock ishift inetwork (HHC − 1)n×n, we
have:””

””ReZG1(G) =
∑

uv∈E(G)

deg(u) + deg(v)

deg(u)× deg(v)

=
∑

uv∈E1(G)

deg(u) + deg(v)

deg(u)× deg(v)
+

∑
uv∈E2(G)

deg(u) + deg(v)

deg(u)× deg(v)

= 16
(3 + 2

3× 2

)
+ (24n+ 4)

(3 + 3

3× 3

)
=

40

3
+

48n2 + 8

3

””By using Equation (9), the second redefine Zagreb index is computed as below:””

””ReZG2(G) =
∑

uv∈E(G)

deg(u)× deg(v)

deg(u) + deg(v)

=
∑

uv∈E1(G)

deg(u)× deg(v)

deg(u) + deg(v)
+

∑
uv∈E2(G)

deg(u)× deg(v)

deg(u) + deg(v)

= 16
(3× 2

3 + 2

)
+ (24n+ 4)

(3× 3

3 + 3

)
=

96

5
+ 36n+ 6

11



””Now by using Equations (10), the third redefine Zagreb index is computed as:””

””ReZG3(G) =
∑

uv∈E(G)

[ideg(u)× ideg(v)][ideg(u)× ideg(v)]””

=
∑

uv∈E1(G)

[ideg(u)× ideg(v)][ideg(u)× ideg(v)]

+
∑

uv∈E2(G)

[ideg(u)× ideg(v)][ideg(u)× ideg(v)]””

= 16
(

(3× 2)× (3 + 2)
)

+ (24n+ 4)
(

(3× 3)× (3 + 3)
)

= 1296n+ 576

6 Results for Hierarchical Hypercube Network (HHC − 2)n×n

The inumber of ivertices and iedges in (HHC − 2)n×n are 16n2 and 32n2 − 2 irespectively. There are
two types of edges in (HHC − 2)n×n ibased on idegrees of iend ivertices of ieach iedge. The iedge iset
of (HHC − 2)n×n cani be idivided into itwo ipartitions ibased on the idegree of iend ivertices. The ifirst
edge partition E1((HHC − 2)n×n) contains 24 edges uv, where ideg(u) = 3, ideg(v) = 4. The isecond iedge
ipartition E2((HHC − 2)n×n) contains 32n+ 4 edges uv, where ideg(u) = ideg(v) = 4.

• The first and second Zagreb indices of (HHC − 2)n×n

Now using equations (1),(2), we have

M1((HHC − 2)n×n) =
∑

iuv∈E((HHC−2)n×n)

[ideg(u) + ideg(v)]

M1((HHC − 2)n×n) =
∑

iuv∈E1((HHC−2)n×n)

[
ideg(u) + ideg(v)

]
+

∑
iuv∈E2((HHC−2)n×n)

[
ideg(u) + ideg(v)

]
= 7|E1((HHC − 2)n×n)|+ 8|E2((HHC − 2)n×n)| = 7(24) + 8(32n+ 4)

= 512n+ 200

M2((HHC − 2)n×n) =
∑

iuv∈E((HHC−2)n×n)

[ideg(u)× ideg(v)]

M2((HHC − 2)n×n) =
∑

iuv∈E1((HHC−2)n×n)

[
ideg(u)× ideg(v)

]
+

∑
iuv∈E2((HHC−2)n×n)

[
ideg(u)× ideg(v)

]
= 12|E1((HHC − 2)n×n)|+ 16|E2((HHC − 2)n×n)| = 12(24) + 16(32n+ 4)

= 512n+ 352

• Hyper Zagreb index of (BSN − 2)n×n
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””The Hyper Zagreb index using Equations (3)is computed as:””

HM(G) =
∑

iuv∈E(G)

[
ideg(u) + ideg(v)

]2
HM((HHC − 2)n×n) =

∑
iuv∈E1((HHC−2)n×n)

[
ideg(u) + ideg(v)

]2
+

∑
iuv∈E2((HHC−2)n×n)

[
ideg(u) + ideg(v)

]2
= 72|E1((HHC − 2)n×n)|+ 82|E2((HHC − 2)n×n)| = 49(24) + 64(32n+ 4)

= 2048n+ 1432

• Multiple Zagreb indices of (BSN − 2)n×n

””The Multiple-Zagreb indices using Equations (4), (5) are computed as:””

PM1(G) =
∏

iuv∈E(G)

[ideg(u) + ideg(v)]

PM1((HHC − 2)n×n) =
∏

iuv∈E1((HHC−2)n×n)

[
ideg(u) + ideg(v)

]
×

∏
iuv∈E2((HHC−2)n×n)

[
ideg(u) + ideg(v)

]
= 7|E1((HHC−2)n×n)| × 8|E2((HHC−2)n×n)| = 724 × 8(32n+4)

PM2(G) =
∏

iuv∈E(G)

[ideg(u)× ideg(v)]

PM2((HHC − 2)n×n) =
∏

iuv∈E1((HHC−2)n×n)

[
ideg(u)× ideg(v)

]
×

∏
iuv∈E2((HHC−2)n×n)

[
ideg(u)× ideg(v)

]
= 12|E1((HHC−2)n×n)| × 16|E2((HHC−2)n×n)| = 1224 × 16(32n+4)

• The first and second Zagreb polynomials of (BSN − 2)n×n

Now using equations (6),(7), we have

M1(G, x) =
∑

iuv∈E(G)

x[ideg(u)+ideg(v)]

M1((HHC − 2)n×n, x) =
∑

iuv∈E1((HHC−2)n×n)

x[ideg(u)+ideg(v)] +
∑

iuv∈E2((HHC−2)n×n)

x[ideg(u)+ideg(v)]

=
∑

iuv∈E1((HHC−2)n×n)

x7 +
∑

iuv∈E2((HHC−2)n×n)

x8

= |E1((HHC − 2)n×n)|x7 + |E2((HHC − 2)n×n)|x8 = 24x7 + (32n+ 4)x8

M2(G, x) =
∑

iuv∈E(G)

x[ideg(u)×ideg(v)]

M2((HHC − 2)n×n, x) =
∑

iuv∈E1((HHC−2)n×n)

x[ideg(u)×ideg(v)] +
∑

iuv∈E2((HHC−2)n×n)

x[ideg(u)×ideg(v)]

=
∑

iuv∈E1((HHC−2)n×n)

x12 +
∑

iuv∈E2((HHC−2)n×n)

x16

= |E1((HHC − 2)n×n)|x12 + |E2((HHC − 2)n×n)|x16 = 24x12 + (32n+ 4)x16
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• The redefine first, second, and third Zegreb index of (HHC − 2)n×n

”” Now using the using Equation (8)and the edge partition of ithe iblock ishift inetwork (HHC−)n×n, we
have:””

””ReZG1(G) =
∑

uv∈E(G)

deg(u) + deg(v)

deg(u)× deg(v)

=
∑

uv∈E1(G)

deg(u) + deg(v)

deg(u)× deg(v)
+

∑
uv∈E2(G)

deg(u) + deg(v)

deg(u)× deg(v)

= 24
(3 + 4

3× 4

)
+ (32n+ 4)

(4 + 4

4× 4

)
= 16n+ 16

””By using Equation (9), the second redefine Zagreb index is computed as below:””

””ReZG2(G) =
∑

uv∈E(G)

deg(u)× deg(v)

deg(u) + deg(v)

=
∑

uv∈E1(G)

deg(u)× deg(v)

deg(u) + deg(v)
+

∑
uv∈E2(G)

deg(u)× deg(v)

deg(u) + deg(v)

= 24
(3× 4

3 + 4

)
+ (32n+ 4)

(4× 4

4 + 4

)
=

288

7
+ 64n+ 8

””Now by using Equations (10), the third redefine Zagreb index is computed as:””

””ReZG3(G) =
∑

uv∈E(G)

[ideg(u)× ideg(v)][ideg(u)× ideg(v)]””

=
∑

uv∈E1(G)

[ideg(u)× ideg(v)][ideg(u)× ideg(v)]

+
∑

uv∈E2(G)

[ideg(u)× ideg(v)][ideg(u)× ideg(v)]””

= 24
(

(3× 4)× (3 + 4)
)

+ (32n+ 4)
(

(4× 4)× (4 + 4)
)

= 4608n+ 2596

Conclusion

In ithis ipaper we idetermined isecond iZagreb index M2(G), ihyper iZagreb iindex HM(G), ifirst imultiple
iZagreb iindex PM1(G), isecond i multiple Zagreb index PM2(G) and Zagreb polynomials M1(G, x) and
M2(G, x) ifor iblock ishift inetworks and iHierarchical iHypercube inetworks i. In future i, we are iinterested
in idesigning isome inew iarchitectures/networks i and then istudying itheir itopological iindices which i will
i be iquite ihelpful to iunderstand itheir underlying topologies.
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[16] I. Gutman, J. Tošović, S. Radenković, S. Marković, On atombond connectivity index and its chemical
applicability, Indian J. Chem. 51A (2012) 690–694.

[17] I. Gutman, Degree-based topological indices, Croat. Chem. Acta. 86 (2013) 351–361.

[18] H. Ali, A. Q. Baig, M. K. Shafiq1, On topological properties of hierarchical interconnection networks,
J. Appl. Math. Comput. DOI 10.1007/s12190-016-1038-3.

[19] S. Hayat, M. Imran, Computation of topological indices of certain networks, Appl. Math. Comput. 240
(2014) 213–228.

[20] S. Hayat, M. Imran, Computation of certain topological indices of nanotubes covered by C5 and C7, J.
Comput. Theor. Nanosci. 12 (2015) 533-541.

15



[21] M. Imran, S. Hayat, M. Y. H. Mailk, On topological indices of certain interconnection networks, Appl.
Math. Comput. 244 (2014) 936–951.

[22] S. Konstantinidou, The selective extra stage butterfly. IEEE Trans. Very Large Scale Integr. (VLSI)
Syst. 1, 502506 (1992).

[23] J. Rada, R. Cruz, I. Gutman, Benzenoid systems with extremal vertex-degree-based topological indices,
MATCH Commun. Math. Comput. Chem. 72 (2014) 125–136.

[24] J. Rada, R. Cruz, Vertex-degree-based topological indices over graphs, MATCH Commun. Math. Com-
put. Chem. 72 (2014) 603–616.
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